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Buckling of Cylindrical Shells with Intermittently
Attached Stiffeners

TSAI-CHEN SOONG*
The Boeing Company, Seattle, Wash.

A linear analysis for the general instability of eccentrically stiffened orthotropic cylinders
with intermittently attached stiffeners is presented. A buckling determinant is derived as an
example for a stiffened orthotropic cylinder under bending and uniform axial loads, with the
attachment of stringer-to-skin and frame-to-skin, respectively, assumed to be monolithic and
intermittent. An approximate method of including the effect of prematurely buckled skin in
instability analyses of stiffened cylinders is suggested. Applied to cylinders with fully at-
tached stiffeners, the analysis shows good correlation with test results on ring-stiffened cor-
rugated cylinders under various axial loads and ring-and-stringer stiffened cylinders with
prematurely buckled skin under bending loads. For cylinders with intermittently attached
stiffeners, a correlation was obtained with test results on a 128-in.-radius cylinder specimen
made specifically to study the effect of shear-ties on the buckling strength of transport air-
plane fuselages with prematurely buckled skins. The error in predicting the improved buck-
ling strength of the cylinder due to the addition of shear-ties on the floating-type frames is
found to be within 1.8%.

Nomenclature

Ar,A'r = cross-sectional area of frame with and without
shear-tie

A6 = cross-sectional area of stringer
D = bending stiffness of isotropic plate, Et*/[l2(l — j>2)]
DX)Dy,Dxy = bending and twisting stiffnesses of orthotropic

plate
E,G = Young's modulus and shear modulus, respectively
Ex,Ey,Gxy = extensional and shear stiffnesses of orthotropic

plate
losjor — moment of inertia of stringer and of attached

frame, respectively, about midsurface of the
shell

I'r = moment of inertia of free frame about its own
neutral axis

JT}J'r = St. Venant torsional constant for frame with and
without shear-tie

J~s = St. Venant torsional constant for stringer
L = nondimensional length of cylinder, true length/R
Ly = nondimensional half-circumference of the cylinder

section
Nx,Ny,Nxy = applied compressive loads and shear load, force/

unit length
R = radius of cylinder (Fig. 2)
Rr _ _ = radius of free frame (Fig. 2)
We,Ws,Wr = effective width [Eqs. (Al), (B15), and (B16)]
d = stringer spacing
h = nondimensional distance of neutral axis
ki,kz = const [Eq. (Al)], fci ^ 7r2/[3(l - *>2)]
n,m — numbers of full circumferential waves and axial

half-waves
m = mw/L
qs = effective width parameter [Eq. (B17)]
t = thickness of skin
u}v,w = nondimensional axial, circumferential, and radial

inward displacements at the median surface of
the cylinder

VjW = nondimensional displacements at the neutral axis
of the free frame (Fig. 2)

x}y,z = nondimensional rectangular coordinates
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z = eccentric distance of stiffeners measured from center
of gravity of sections; positive if stiffeners are
internal

ft = angle in radians; associated with partially effective
skin, Eq. (A4)

e = direct strain, Eq. (10)
P>x,lJ,y = Poisson's ratios for bending of orthotropic plate
v'xiH'y — Poisson's ratios for extension of orthotropic plate
v — Poisson's ratio for isotropic plate
d = direct stress, positive for compression
(7o = compressive stress at the crown, Eq. (A2)

Subscripts
i = station number of stringers and shear-tie locations
j = station numbering of frames
r,s = properties of frames and stringers, respectively
x,y = axial and circumferential coordinates

I. Introduction

IN the literature of the general instability analysis of stif-
fened shells, the stiffener-to-skin attachment has always

been treated as monolithic and continuous. The assump-
tion regarding sheet metal connections as monolithic
(usually means machined, bonded, seam welded, etc.) is
generally true and has been extended in instability analyses
of. stiffened cylinders to include discrete fastenings, such as
riveting or spot welding. Tests by Peterson and Anderson1

and by Anderson2 substantiated this idealization for riveted
fastenings on stiffened cylinders.

However, the second assumption, that stiffeners are con-
tinuously attached to the skin for their entire length, is not
always true in real structures. An important case is the so-
called floating-type fuselage construction in which the string-
ers (longitudinal stiffeners) are continuously attached to the
skin but the ring-type frames are intermittently fastened
(only to stringers). Figure 1 shows a typical idealized float-
ing connection. A common practice to improve the rigidity
of such structures, often required in critical portions of the
fuselage, is to secure the skin to the frames by means of a
piece of sheet metal (called a shear-tie) riveted across the
spacing between two stringers (called a bay). The effect of
the addition of such irregular reinforcements on the general
instability behavior of floating-type stiffened cylinders is
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usually estimated from designers' experience; there are no
theoretical studies and no test data available in the literature.

The present study examines the general instability of stif-
fened circular cylinders whose frames are attached to the skin
in a pointwise and piecewise manner. A case with bending
load is studied in detail. Donnell-type linear strain-displace-
ment relationships and the direct method of minimization
of the total potential are used in the analysis. The adequacy
of the linear theory, which disregards geometric imperfections
and prebuckling deformation in the treatment of the general
instability problems of stiffened cylinders, has been studied
frequently, and reasonably good test correlations have been
obtained by a number of investigators.3"11

In the present derivation, discreteness of stiffeners is
idealized mathematically by use of the Dirac delta function.4

Stringers and continuously attached frames are treated as
eccentric beam elements integrally supported by the skin.3'12

The portion of the frame not connected to the skin is con-
sidered as a beam with end constraints that is geometrically
compatible with the skin at the two points of contact.

A buckling determinant is derived for a ring-and-stringer
stiffened orthotropic cylinder with simply supported ends.
Methods that include the effect of prematurely buckled skin
in the analysis are suggested. Predicted results are correlated
with test data and compared with the analyses from other
theories. The theoretical derivations, which follow the usual
strain energy approach, are presented in subsequent sections.

II. Total Potential of the Stiffened Cylinder

For a shell with orthotropic skin, the increment of the
elastic strain energy corresponding to the median surface
stresses and bending can be written as12

MIDPLANEOFSKIN

Ue =

A5(w,xx)2

w,yy + 2A7(w,xy)2 + A8(w , y y)*]dxdy (1)
where the median surface displacements uy v, and w and the
coordinates x and y are nondimensional quantities (the true
quantity divided by R). (A coordinate subscript preceded
by a comma denotes partial differentiation with respect to
the subscript.) The coefficients are defined as

A, = Ex/(l -

A, = Gxy

A5 = Dx/[R

A! = Dxy/R*

A, =

A, = Ey/(l - /,',/,'„)
- A, = (Dxtiy + Dy
M*MI/)

A8 = Dy/[R\l - '

(2)

where~the orthotropic constants Ex, Dx, etc. are the same as
those defined by Stein and Mayers.13 Definitions of the nota-
tions used are collected in the Nomenclature.
I For simplicity but without loss of generality, it is assumed
that the stringers are connected to the skin in a monolithic
manner, whereas the frames are intermittently attached.

FRAME-

-FREE FRAME

-FRAME WITH SHEAR-TIE

Fig. 1 Idealized floating-type construction with inter-
mittently shear-tied frame.

•CENTERLINE OF FRAME NOT
ATTACHED TO SKIN

Fig. 2jj_Displacements and forces on the end points of a
portion of frame not attached to the skin.

The strain energy of stringers in terms of midplane deforma-
tion of the skin can be approximately expressed as12

2AT
-yi)l \ I Es(u,x -

•/ 0 !_»/ AS
dAs

(3)

where yi is the coordinate of the i\h stringer and 2N is the
total number of stringers. The Dirac delta function d(y — y^
is defined as usual, that is, it is equal to unity when y = yi and
vanishes when y 5^ 2/». The use of the Dirac function to
describe the discrete nature of the stiffeners is adequate only
when the width of the stiffener is small compared with the
spacing.4

After integration, Eq. (3) becomes

i=l
f L

- Vi) LJV
2AuU,xW,xx + An(w,xx)2 + Au(w,xy)*]dx (4)

where the stiffnesses of the stringer are included in the con-
stants

A 9 = ESAS/R
An = ESIOS/R*

= EsAszs/R*
= GSJS/RZ (5)

For the portion of the frame located at x = x3- and con-
tinuously attached to the skin of the shell between y = y^i
and yf, the strain energy expression is similar to that of the
stringer, as shown in Eq. (4), except that frames run in the y
direction and possess a constant curvature of l/R:

where

(V,v - W)W,V

ErAr/R

Erlor/R*

Bt(w,xv)*]dy (6)

(7)
= GJr/R*

If the portion of the frame between yt-_i and yi is not at-
tached to the skin, then its strain energy depends on the
slopes and displacements at the two end points y^i and yi of
the frame. Let v and w be the nondimensional displacements
at the neutral axis of the free frame and A'r, I'r, and J'r be
the sectional properties of the frame with respect to the
center of gravity of the section. Then the strain energy of
the free frame located at x = Xj and yt-\ < y < y^ can be
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written approximately as

T.-C. SOONG AIAA JOURNAL

X

(8)

where Rr is the radius of the frame. Figure 2 illustrates the notation used for a portion of frame not attached to the skin. The
derivation of the right-hand side of Eq, (8) in terms of the skin deformation, w, v, and w,y, at the end points y = yf_i and y,- of
x = Xj follows.

The differential equations of equilibrium of a portion of the frame with end loads PI, P2, and P3 acting at y^ as shown in Fig.
2, can be shown as

= R^Fr^1

~ —— W = €y =dy
Rr

sinfo, - y) + P2[l - cos(y, - y)]}

< - y) - P3

(9)

(10)

The three integration constants of Eqs. (9) and (10) can be determined exactly by assuming that the frame displace ments u,
w, and rotation dw/dy at one end, say yi-i, are known. In addition, assuming that the frame remains perpendicular to the skin
at the points of contact and the relative translation between w and w is being neglected, the following displacement relation-
ships between the frame and the skin exist at y^i and t/» :

v = v — (zr/R)(w,y), w = w} dw/dy = w)y

Thus, after integration and substitution of integration constants, Eqs. (9) and (10) become

w =

v =

P3[sin00 -

ft[- cos(2/t-_i
— y) — ^si

— y) — cos00Q/ - y^)
siri000/ - y^) + %(y

00 — y) — cos00 -

- y) - %
sin00]}

—— y ) ] } + (W,y)i-l(.

where the subscript i — 1 indicates the value of a quantity taken at yt-i, and

KZ = Rr/RA'rEr, K, = GrJ'r/RRr

(11)

^ (12)

(13)

(14)

The last constant K% will appear in Eq. (16). Equations (12) and (13) are the solutions of Eqs. (9) and (10) in terms of the
midplane deformation of the skin, w, v, and w,yj tken at yt-_i.

Substitution of Eqs. (12) and (13) into Eq. (8) and integration yield

where

6>0) G2 = f0o - 2
ft = f - cos0o

i sin200

cos200 - i(

(15)

ft = i^o - i sin2(90 + £(£2/£i) (00 - i si
- cos200), ft = 6>o - sin00, ft = 1 - cos00, ft - KZ/(KA) (16)

The unknown forces Pi to P3 can be obtained in terms of the end displacements through inversion of Eqs. (12) and (13).
With the aid of Eq. (11), one obtains the following stiffness matrix relationships:

"Pi"
P2

_p«_ -(~r
0

_o_
Wi +

-1"
-0o

0 _
Wi-l +

"0".-.«
1

_0_
v< +

" 0""
-1

o_
Vi-,i +

" 0 "
-Zr/R

- Rr/R .

(^,»)i +-

-eQRr/R
(17)

where K~l is the inverse of a flexibility matrix K defined as

"0o2/2

K = K, 00
3/6

1 + |00
2 - 00 sin00 - cos00

-i 00
3 - 00cos00 +

sin00[l - i00
2

00 — 811100

sin00 - 00 cos00

00 sin00 - 1 - (
cos00[l - W
1 ~ COS0Q

(18)

By introducing new notation FU, etc., Eq. (17) may be simplified to

Pk = (19)
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Equation (15), together with Eq. (19), is the final expression
of the strain energy of a portion of the frame at x = Xj that
is not attached to the skin except at the two end points y^_i
and yi] the strain energy is expressed in terms of the dis-
placements of the skin at these two end points.

Finally, the change of the potential of the external loads,
which are kept constant during buckling, can be written in
the conventional manner:

Ny(w,yy]dxdy (20)

1
J7p(stringers) = ~ ~ R

2N fL
^ L

i=l •/0

(21)

where Nx is the axial compressive load, N ' y the hoop com-
pression, and Nxy the torsional load on the skin of the shell,
all expressed in force per unit length. The two stresses in
Eq. (21), axc and (rxb, are stringer stresses due to uniform
axial compression and pure bending moment, respectively.

The sum of Eqs. (1, 4, 20, 21, 6, and 15) (the last
two equations should be extended to cover all frames) is the
change of the total potential of the cylinder because of the
buckling deformation. When the total potential is made
stationary with respect to an admissible buckling pattern, an
eigenvalue problem can be formulated in which the lowest
eigenvalue is the buckling load.

III. Symmetric Buckling Modes

As an example, a case for combined bending and uniform
axial compressive loads will be analyzed. Since the loading
is symmetric, one may stipulate a symmetric buckling pattern
that satisfies the classical simply supported end conditions,
that is, w = Mx = NX = v = Qsitx = Q and L, as in the
following:

w = 2^ ^P Wmn sinmx cosny
m=ln = 0

u = V V) Umn cosmx cosnyZ-/
m—1n=Q

= £ E Vri smmx smra/

0 < x < L

0 < y < TT
(22)

where W: U, and V with integer subscripts are free constants,
n is the circumferential wave number, and m is the reduced
axial wave number (m = mir/L). The number of Fourier
terms required to account accurately for the discontinuities
at the junction between free and attached frames may be
prohibitive. Fortunately, in the energy approach to struc-
tural instability analyses in which the deformation is stipu-
lated, the capability of accurately representing the stress
field by the deformation function does not seem to be manda-
tory in eigenvalue solutions. An example is the "smeared"
representation of the stiffeners in closety stiffened cylinders.
Reasonably good results have been obtained1'4'10'11'14 by
simple deformation functions, even though the stress field in
the vicinity of stiffeners was far more complicated than what
the deformation function was able to represent.

With substitution of Eqs. (22) into Eq. (19), the end loads
at the free frame characterized by subscripts j and i of Xj
and yi can be written as

V WnnQk(n,i) +

£ VmnQk+3(n,i) (23)(n,i)~]
J

i-th STRINGER-

(i+1)thBAY-^ ! j-thFRAME-

Fig. 3 Effective skin strips attached to stringers and
shear-tied frames.

where the Q's are new notations defined as

Qk(n,i) = Fki cosnyi + FM cosnt/t-_i —
Fk& n smnyi — Fk<> n sinnyi-i (24)

^&H~3 \^ j^ /) == * &3 smnyj ~T~ r k^ n smnyt—i, A/ =: _L.^,o

and FH, Fi2, etc. are given by Eqs. (17) and (19).

IV. Analysis of Cylinders with Local Skin
Buckles

Based on the assumed Fourier series of Eqs. (22), a solu-
tion of the buckling problem can be obtained by differentia-
tion of the total potential with respect to coefficients Wmn>
Umn, and Vmn of Eqs. (22), which results in a set of homoge-
neous simultaneous linear equations. The lowest eigenvalue
of the determinant formed by the homogeneous set is the
buckling load. The derivations are presented in Appendixes
A and B. Certain aspects of cylinders with prematurely
buckled skins are discussed below.

It is well known that local buckling of skin considerably re-
duces the strength of a stiffened cylinder against the general
instability failure. To account for the reduced effectiveness
of the skin, the ideas of effective skin thickness and effective
width15 were tried in the present study and correlated with
test results on ring-and-stringer stiffened cylinders under
bending loads.10'16'17 The correlations were not satisfactory,
partly because these equations in their existing form contain
no compensation for different rates of reduction in Ex, Ey,
Gxy and do not make allowances for stiffener flexibilities that
may exist in real panels with elastic boundary constraints.
A different approach is to treat the buckled skin as ortho-
tropic.10'18 In Ref. 18, Van der Neut's work19 on flat plate
was extended to cover a post buckling biaxial stress field, so
that the derived stiffness matrix can be used in the investiga-
tion of stiffened cylinders with buckled skin. Since a simple
wave form of Koiter was used in Kefs. 18 and 19 as the buck-
ling pattern, it is speculated that more complete wave forms
might yield different stiffness matrices. In fact, Stein20 found
that the shear stiffness of a buckled rectangular plate in-
creases after a load ratio of 3, whereas Van der Neut's result
showed that it continuously decreases. Improvement in this
direction would be valuable.

In the buckling equation derived in Appendix B, two op-
tions for including the effect of locally buckled skin are
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Table 1 Correlation of theories and tests for ring-stiffened corrugated cylinders

Cylinder
number R, in.

Frame
spacing, in.

Load
type*

Critical load
from test,

in.-lb. X 106

Theory correlation (test/analysis)
Present
analysis Ref. I6 Ref. 18C

NASA TN D-3336 (Ref. 1)

2 38.84 13.3 B 2.30 0.92 0.86
0.68

38.84 10.0 B 2.85 0.99 0.92
0.75

38.84 8.0 B 3.10 0.96 0.92
0.75

38.84

NASA TN D-3089 (Ref. 9)

4.0 B 4.20 0.91 0.90
0.72

1 24.7
4 49.4
6 197.6
7 24.7

6.38
12.40
51.00
6.38

A
A
C
B

131<*
659^
334.8

1.932

1.12
1.05
0.98
0.95

1.10
1.00
1.04

a A — uniform axial compression load, B — pure bending moment, and C => bending plus 6.93 X 106 Ib axial compression load.
& Upper figures are predictions based on uniform axial compression analysis; lower figures are from bending theory. All data were taken from curves in the

reference.
c Based on uniform compression analysis in predicting bending failure. Data were taken from curves in the reference.
d Critical load measured in pounds X 103.

available. One is to treat the buckled skin as orthotropic.
The stiffness matrix derived in Ref. 18 could be used as a
first approximation. The other option is to extend Karman's
idea of effective width,15 as proposed by Boley21 in his study
of the reduction of shear stiffness in buckled curved plates,
to cover in a gross manner the reductions of all stiffnesses of
the buckled skin in strain energy expressions. Figure 3 shows
a network of effective skin strips of variable width. In the
buckling determinant, an exponential parameter from the
effective width equation is chosen as a free parameter and its
value is to be determined by correlating the predicted buck-
ling stress with data from tests on a cylinder. Consequently,

0 45 90 135 180

CURVE A-LENGTH OF CONTINUOUS ATTACHMENT, ®(DEG)

CURVE B - NUMBER OF BAYS ATTACHED TO SKIN IN EACH
FOUR-BAY UNIT

CONTINUOUS
ATTACHED

POINTWISE
ATTACHED

CURVES
(ONE BAY IN FOUR IS SHOWN)

Fig. 4 Effect of length of frame-to-skin attachment on
ring- and stringer-stiffened cylinders under bending mo-

ment with prematurely buckled skins.

errors due to simplifying assumptions in theory and idealiza-
tion of structures are compensated for in an empirical manner.
Calculations have indicated that if test data from one cylinder
in a family are available to determine this effective width
parameter, the predictions for other cylinders of comparable
size and geometry are reasonably accurate and seem superior
to some other methods.

V. Numerical Results and Correlations

A. Ring-Stiffened Corrugated Cylinders

The analysis was employed first to predict buckling of
cylinders in which the stiffeners are monolithically attached
to the skin. The orthotropic constants for corrugated sec-
tions are taken from Ref. 1. Table 1 shows the test data and
predicted results from the present analysis and from Refs. 1
and 18 for eight large-diameter ring-stiffened corrugated
cylinders from Refs. 1 and 9. It is to be noted that the curva-
ture-displacement equations and the equilibrium equations
for the stiffeners used in Ref. 18 are more exact than those
used in the present analysis, but the quality of prediction of
the two seems to be comparable.

Convergence of the results can be studied by increasing the
terms of the displacement series of Eqs. (22). Assuming that
the lateral deformation w is symmetric to the midplane of
the cylinder, the wave numbers m are taken as from 1,3,5,
. . ., 9 and the wave numbers n from 0,1,2, . . ., 14. The
order of the determinant of Eq. (B5) is therefore 220 (5 X
15 + 5 X 15 + 5 X 14 = 220). The convergence is checked
by increasing the terms of the series from this basic pattern.
For example, the results for cylinder 5 in Table 1 are given
in Table 2. The convergence seems satisfactory.

B. Ring-and-Stringer Stiffened Cylinders

The analysis has also been correlated with results of a bend-
ing test from Card10 in which six 77-in.-diam ring-and-
stringer stiffened cylinders failed in general instability mode.
Premature skin buckles were observed during the test. In
using the effective width method of the present analysis, the
required parameters fe [Eq. (A3)] and qs [Eq. (B17)] are
first obtained from test data on an arbitrary cylinder (1-1 in
group I) and analyses are then made for the rest of the
cylinders based on the acquired parameter values. Table 3
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Table 2 Check of convergence

Terms in Fourier
series of w

5 X 15
5 X 16
6 X 15

Order of buckling
determinant

220
235
264

Mcr,
in.-lb

4.6446 X 106

4.6446 X 106

4.6441 X 106

shows the results based on Eq. (B5) and the predictions from
Refs. 10 and 18, which predicted bending instability from
analyses of uniform axial compression. The justification for
such substitutions has been discussed in Ref. 22.

C. Effect of the Length of Frame-to-Skin Attachment

The effect of different lengths of frame-to-skin attachment
on ring-and-stringer stiffened cylinders with prematurely
buckled skin was calculated from a model cylinder (1-1 in
Table 3) and is shown in Fig. 4. Assume that the frames are
connected to the skin in a pointwise manner with a constant
spacing that is the same as the spacing of the stringers (3.68°).
The strength of such a cylinder is 83.5% of that of a corre-
sponding cylinder with fully attached frames. Curve A
shows the effect of changing the length of the continuously
attached portion of frame and curve B shows the effect of
distributing the length of attachment periodically around the
circumference. From Fig. 4, one concludes that for equal
lengths of frame-to-skin attachment, it is always superior,
strengthwise, to use all attachment at the upper portion of
the cylinder where the skin is in compression. In addition,
the analysis shows that there is an optimum cutoff point on
curve A, approximately at 0 = 45°, at which further con-
tinuous connection seems not to improve the buckling
strength.

D. Test Correlation with a Shear-Tied
Floating-Type Cylinder

An important application for the present analysis is in the
intermittently shear-tied, floating-type stiffened cylinders
used widely as fuselages of large transport airplanes. A
correlation with test results has been made, based on a recent
test by The Boeing Company17 to study the effect of addition
of shear-ties on the bending instability strength of floating-
type stiffened cylinders. The test specimen was an aluminum
alloy half cylinder (like a Quonset hut) that had a radius of
127.75 in. and was 280-in. long. It was subjected to an axial
compressive load that was zero at the diameter and increased
linearly to the top. The straight sides of the half-cylinder
specimen were clamped. The stringers, of standard hat sec-
tion, 0.071-in. gage, 0.355-in.2 cross section, and 9.5-in. spac-
ing, were riveted to the inside of the cylinder, which was of

0 30 40 50 60 70
LENGTH OF CONTINUOUS SHEAR-TIED ATTACHMENT,©

(DEC)

CONTINUOUS SHEAR-TIE

INTERMITTENT SHEAR-TIE

POINTWISE SUPPORT

FRAME-TO-SKIN ATTACHMENT PATTERN

Fig. 5 Effect of shear-tied plate gage and length of con-
tinuously shear-tied attachment of frame of 128-in.-radius

model.

0.080-in. skin gage. The frames had a gage of 0.056-in., cross-
sectional area of 1.25 in.2, and were of standard zee section
with 20-in. spacing. The frames were connected to the
stringers by standard clips. In the first test, the frames were
shear tied (0.04-in. gage) at the top bay and then at every
third bay, as shown in the sketch of Fig. 5. The test was
nondestructive and a buckling crown compressive stress of
30,900 psi was indicated by extrapolations of load-deflection
curves. The corresponding critical moment for a complete
cylinder was calculated as 116.1 X 106 in.-lb. In the second
test more shear ties were added to the upper portion of the
previous test specimen such that the top quadrant (45° on
both sides) of all frames was completely shear-tied to the
skin; a sketch is shown in Fig. 5. The extrapolated buckling
crown stress was 34,200 psi.

These tests showed that the additional attachment (plus
the extra stiffness added to the frame by the shear-tie plates)
of frames and skin had increased the critical crown stress by
10.7%. If the small difference between critical moment ratio
and stress ratio is disregarded, the increment is very close to
that indicated in Fig. 4. To predict the results of the second
test, the two parameters fe and qs were calculated from data
from the first test by Eqs. (A4-A6), and (B5). With fe =
0.4574 and qs = 0.2854, the predicted crown compressive

Tahle 3 Correlation of theories and tests10 for ring-and-stringer stiffened cylinders with prematurely huckled skin

Theory correlations (test/analysis)

Cylinder
number"

1-1
1-2
1-3
II-l
II-2
II-3

Frame
spacing,

in.

6
9

12
6
9

12

Mcr,
in.-lb.
X 106

5.32
4.68
4.44
3.40
3.05
2.88

o-o, psi
X 103

43.5
37.0
35.0
41.0
36.0
34.0

Present analysis6

Value
of &26

0.292
0.27
0.27
0.32
0.30
0.31

Mcr

1.00
0.99
1.02
0.99
1.03
1.07

<ro

1.00
0.97
1.00
1.03
1.04
1.10

Ref. 10d

1.04
1.03
1.05
1.19
1.19
1.21

Ref. 18e

0.95
0.89
0.87
1.09
1.08
1.11

« Cylinder radius = 38.6 in., test-section length = 72 in., hat-type internal frames and zee-type external stringers.
6 Values were obtained from the test data for each cylinder [see Eq. (A3)].
c Based on fo = 0.292 and qs = 0.189, obtained from cylinder 1-1.
d Predictions were based on analyses for uniform axial compression and taken from curve of Mcr.
e Predictions were based on analyses for uniform axial compression; correlation is based on load intensity NX.
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stress of the second test configuration was found to be 34,800
psi. Since the critical stress of the second test was obtained
by extrapolation in a conservative manner, the error of pre-
diction could have been less than 1.8%. It should be pointed
out, however, that since the test specimen is an incomplete
cylinder with clamped boundaries whereas the analysis is for a
complete cylinder, the previous correlation should be viewed
with caution.22

Figure 5 shows the results of an analytical study that in-
volved changing the gage of the shear-tie plates and the
length of the fully attached portion of the frames on a
cylinder of the same construction as the Boeing test speci-
men. The results show again that 45° is a good cutoff point
for addition of continuous shear-ties to the frames in the
large, floating-type stiffened cylinders used in modern trans-
port airplanes.

VI. Summary and Conclusions

An approximate analysis is derived for determining the
general instability strength of stiffened cylinders with inter-
mittently attached stiff eners. The technically important case
of ring-and-stringer stiffened cylinders with prematurely
buckled skin is studied in detail. Two options are available
to account for the effect of the reduced stiffness of the buckled
skin. If test results from a typical cylinder are available to
establish the parameters fe (which defines the relationship
between the bending moment and the crown compressive
stress) and qs (which establishes the effective width in the
sense of strain energy equivalence), the buckling strength of
similarly constructed cylinders can be predicted with ac-
ceptable accuracy. For cylinders of comparable geometry to
those described in Ref. 10, fe = 0.30 and qs = qr = 0.19
might be used. For larger cjdinders similar to the 128-in.-
radius Boeing specimen,17 fe = 0.457 and qs = qr = 0.285
seem applicable. Otherwise, the buckled skin can be treated
as orthotropic and the stiffness matrix suggested in Ref. 18
might be used in a first approximation estimate.

From the limited study reported here, one might conclude
that the general instability strength of bending of ring-stif-
fened sandwich cylinders and ring-and-stringer stiffened iso-
tropic cylinders with fully effective skin (these have been
studied but the results are not elaborated here) is affected
very little by decreasing the connections between frames
and the skin of the cylinder. For ring-stiffened corrugated
cylinders and ring-and-stringer stiffened cylinders with pre-
maturely buckled skins, however, the bending buckling
strength decreases as the frame-to-skin connection decreases.
For those cylinders with prematurely buckled skins, con-
tinuous connection between frames and the skin for the top
quadrant of the frame and then adequate discrete connections
for the remainder of the frame have been found to be an
optimum pattern that almost provides the full strength of a
monolithic frame system.

Appendix A: Moment-Stress Relationships

If the skin buckles under a compressive load, the neutral
axis of the cylinder section which is under bending moment
will move toward the tension side. The relationship between
the applied load and the compressive stress produced at the
crown (where the compression is maximum) should be estab-
lished.

The von Karman effective width equation15 associated with
simply supported plate under uniaxial compression can be
expressed as

We/d = (Al)

where We is the effective width of the plate, d is the distance
between the two supporting sides, a is the local stress, k2 is a
constant, and &i = fci7r2/12(l - i>2), where ki is usually taken

as 4.0. 23 Von Karman suggested fe = \ and Marguerre24

used k2 = -J.
If a plane section under bending is assumed to remain

plane, the local stress at a point y on the midsurface of the
skin of a cylinder can be expressed by

<r = <rxc + axb = O-Q (cost/ + h)/(l (A2)

where o-xc and crxb are local stresses due to uniform axial com-
pression and bending, respectively, <TO is the maximum com-
pressive stress at the crown, and h is the nondimensional
translation of the neutral axis.

Substitution of Eq. (A2) into (Al) yields

We/d = (A3)

Since the effective width of a panel may not exceed its true
width d, there is a maximum value of yt designated here as /3,
at which the skin starts to become less than fully effective.
This angle 0 can be found from Eq. (A3) by putting We = d
and y = /3. By so doing, one has

cos/3 - ki(t/d)*(E/(r<>)(l + h) - h (A4)

It can be seen from Eq. (A4) that if j8 = 0, then <r0 = E X
(t/d)2ki, which is the maximum crown stress the cylinder
can take without creating skin buckles.

Assuming the i'th stringer is at y = yit the force and moment
equilibrium equations of the section can be written, respec-
tively, as

K)

(cos?/; + h)A8 + I (cosy + h)tRdy\ = Fxo (A5)

Mcr = (cosy, + id X

<r0(cos2/,- + h)T)
rJ? }-(COST/ + h)HRdy - FxohR (A 6)

where Mcr and Fxo are the applied moment and uniform com-
pressive force, respectively. From Eqs. (A4) and (A5), the
two unknown /3 and h can be expressed implicitly by cr0. Sub-
stitutions of ]8 and h into Eq. (A 6) yields a relationship be-
tween the crown compressive stress a0 and the applied load
Mcr and Fxo.

Appendix B: Buckling Determinant

A buckling determinant for the general case of ring-and-
stringer stiffened, orthotropic circular cylinders under bend-
ing and uniform axial compression is derived in this section.
The effect of prematurely buckled skin is included. If the
buckled homogeneous skin is treated as orthotropic material,
its approximate stiffness matrix can be found from Ref. 18.
A different method that often yields better results is pre-
sented here. It is assumed that a network of rectangular
strips, as shown in Fig. 3, is substituted for the buckled panels
of the shell, such that the elastic strain energies in the strips
due to buckling deformations are equal to the actual change
in strain energy of the buckled skin of the cylinder. Thus, the
ith stringer supports a strip of skin of width Ws(i) from x =
0 to L, and the frame, if it is continuously attached to the skin
at y = yi} could also support an effective strip of width
Wr(i}.

Thus, Eq, (1) can be rewritten as
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= f
J 0

. . . A*(w,vy)*]dxdy

The potential of the loads, Eqs. (20) and (21), shall be
rewritten as

(cos^/i + h)td X

)T2 , , x— fry] I j

J ' y"y<

Z7.p(stringers) — - tfE' f* = i Jo
(cosy* +

(B3)
The buckling determinant can be found as in the following.

Let U be the sum of the changes of the elastic strain energies
of the structure as expressed in Eqs. (Bl, 4, 6, and 15,
and of the potential of the load as expressed in Eqs. (B2)
and B3). By substitution of the symmetric buckling mode
expressed by Eqs. (22) into the total potential U and dif-
ferentiation with respect to the coefficients TFm/n/(ra' = 1,
2, . . , - ; n' = 0, 1, . . , co), Um>n'(m' = 1, 2, . . ., «> ;
n' = 0, 1, . . ., oo) , and Vn,n, (mf = 1, 2, . . ., oo ; n' =
1, 2, . . ., co)5 one obtains the following linear homogeneous
equations:

= 0 (B4)

The associated buckling determinant can be written as

(B5)

where the E elements are functions of the indices m' and n',
which determine its row position in the determinant, and of
m and n, which determine its column position. These ele-
ments are given in the following :

= [A, 2 + m/2n2) +
_

(m4An cosnyt
i=l,2

sinni/i sinn'i/i) > + (2/L) < E E
j ( j = i,2 »-!,:

+ (2/L)

^ 1T X

A8(cosi/t- +

cosni/ cosn'ydy +

,-cosnV-V (B6)
/

.. . A*(w,yv)*]dxdy

»i-i + (l)Tr«(i-l)
(Bl)

(B7)

0 \
_ , _ , rm'm^3j

(2/-L) X

E
J = l,2

where 5mm' is the usual Kronecker delta function which is
equal to unity when m = m' and which vanishes when m ^
m', and QI, &2 are given by

> = 5mm/ E I 2 - S *\ f^2/
2J |_ 1 = 1,2 «^2/» —(^)^ r«(*) (sinn^/ sin?^/?/j

/,,
where

(cosny cosn
S . .sinn

•osn'y) _ "I
>^inn'yj J

(2/L)
^ = 1,2 ^^2

H (B9)

X

snmx s n m x cosn?/ cosn?
_, . - , dxdy (BIO)

osn'?/^
•inn'2/J_cosm x sinn?/ sinn

if the jth frame is continuously attached to the skin between
2/»_i and y{ and = 0 if the jih frame is not attached between
yt-i and y,-.

The quantities $/z-(1), ^i(2), and $y/3) shown in Eqs.
(B6) and (B8) are functions of the frame location. Their
values depend on whether the frame is attached to the skin
or not. If the yth frame (at x = Xj) is continuously attached
to the skin between y^i and t/», then

] f w
J l/i

X
l/i-i

_ _ _ _ /* yicosny eosn'ydy + cosm^y cosm'% B^nm'nn' I X*/ j/t-i
siim'ydy (Bll)

wXJ \_ — ) \. c in'WIT* • ciinw? 'T* •< > —— < > k3lIl//t'X7 k5lil//t/ U/7

(<V3)J I w'nft j

I * cosw?/ cosn'ydy (B12)

Otherwise, they are denned as

+ (Ki/R)cosmxj
/7/i — cosn'2/,-_i) (B13)
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Q§( 0
'

s(n',i)
(B14)

where ft, Qi, etc. are given in Eqs. (16) and (24), respectively.
It is to be noted that m', first seen in Eq. (BIO), is defined
the same as m in the Nomenclature except that m is replaced
by m' . Similarly, Qi(n',i) is defined the same as Qi(n,i) in
Eqs. (24) except that n is replaced by nf .

The remaining elements E2i, #31, and #32 are the transposes
of #12, En, and #23, respectively; that is, the determinant as
expressed by Eq. (B5) is symmetric to the diagonal.

The buckling stress OQ at the crown is the smallest positive
eigenvalue cr0 of Eq. (B5) and it can be solved numerically
in a digital computer. _

Finally, the expressions of the effective width, Ws(i) and
Wr(i), remain to be determined. Similar to von Karman's
equation in Eq. (A3), the nondimensional width of skin
associated with the iih stringer will be expressed as

W,(i) = (d/R)[ki(t/W(E/<TQ)(l + h)/(coayt + h)]q* (B15)

where two new constants qf and qs are introduced. The width
Wr(i) associated with the attached frame at iih bay is given

Wr(i) =
(B16)

As a first approximation, qr is assumed to be the same as qs',
then Wr(i + 1) = W8(i) and there are only two unknown
parameters q/ and qs to be determined. Since these param-
eters are meant to compensate for the discrepancies of the
idealizations made to simplify the flexible stiffener-skin as-
sembly to the simply supported flat plates, their values should
be determined from test data. Based on the six large cylinder
bending tests by Card,10 one may choose arbitrarily two
cylinders, 1-1 and II-2 in Table 3, and establish a relationship
between q/ and qs from the test data of Mcr and O~Q of the two
cylinders. At qf = 3.3, the two curves almost cross each
other; thus, bv substitution of q/ = 3.3 and fa = 7r2/3 X
(1 - i>2), Eqs. (B15) and (B16) yield

= Wr(i X
(BIT)

Equation (BIT) will be used in Eq. (B5) for large-diameter
cylinders with geometry similar to the specimens in Ref. 10
where zee sections were used for stringers and hat sections for
frames. For approximate estimations, it may also be used
for large cylinders with comparable stiffeners. If the skin is
treated as ortho tropic, Ws and Wr should be made equal to
the spacings of the stringers and frames, respectively, in Eq.
(Bl), which then is reduced to the original Eq. (1).

It is to be noted that since stringers are treated as discrete
members and effective skin widths are integrated numerically
in Eqs. (B1-B3), the present analysis is applicable to cylin-
ders with variable stringers and skin gages that change
moderately with the circumferential coordinate.
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